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Abstract
We report measurements for the initial stages of sidebranching during the dendritic growth of ammonium chloride from supersatu-
rated aqueous solution. The earliest sidebranches are approximately periodic; they are first evident about 36ρ behind the tip, where
ρ is the tip radius, and have an average initial spacing of about 5ρ, though both values show considerable variation. The initial
sidebranch amplitude grows approximately exponentially, but quickly saturates as sidebranches compete and coarsening sets in.
This initial sidebranch growth is reasonably consistent with what would be expected for noise-driven sidebranches.
Keywords: A1. Dendrites, A1. Morphological stability, A1. Interfaces, B1. Salts
1. Introduction
Dendritic crystal growth is frequently observed during the
crystallization of non-faceted materials from pure melt or su-
persaturated solution. Common examples include structures
formed during the solidification of many metals and metal al-
loys, as well as snowflakes [1]. For reviews, see Glicksman [2],
Jaafar et al. [3], Asta et al. [4], and Boettinger et al. [5].
Dendrites are also more conveniently observed in the crys-
tallization of transparent model compounds; see Akamatsu and
Nguyen-Thi [6] and Huang and Wang [7] for overviews. Exam-
ples include succinonitrile and pivalic acid [2], rare gases, such
as helium [8] and xenon [9], and some salts, such as ammonium
bromide [10, 11] and ammonium chloride [12, 13, 14, 15, 16].
Dendritic crystals are characterized by a smooth, nearly
parabolic, tip that grows at approximately constant speed, with
sidebranches emerging a short distance behind the tip. Much
of the beauty of complex crystal structures results from the in-
tricate development and subsequent competition of those side-
branches.
Considerable theoretical and experimental effort has focused
on understanding the origin of the sidebranches, measuring the
properties of the sidebranch structure, and looking for scaling
laws that might govern their ultimate development. Previous
extensive studies of sidebranch structure have been reported for
succinonitrile [17, 18, 19], pivalic acid [20, 21], ammonium
bromide [10, 11], xenon [22], ammonium chloride [21, 23, 24],
and succinonitrile and succinonitrile-acetone alloys [25].
In this paper, we focus on the early sidebranches in the den-
dritic crystal growth of ammonium chloride at low supersatu-
ration, measure their amplitude, and compare to predictions of
noise-driven sidebranching.
2. Theory
The basic background theory for steady state diffusion-
limited dendritic crystal growth is presented in [1]. Solutions
incorporating anisotropy in the surface energy, known as mi-
croscopic solvability, are presented in [26]. Briefly, for slow
growth when kinetic effects may be ignored, the crystal is char-
acterized by a smooth, nearly parabolic, tip of radius ρ growing
at constant speed v. The tip radius and velocity are related to
the dimensionless “stability constant” σ∗ by
σ∗ =
2d0D
vρ2
, (1)
where D is the relevant diffusion constant, and d0 is the capil-
lary length, which is related to the solid-liquid interface energy.
The predicted value for σ∗ depends on the anisotropy in the
surface energy.
Direct testing of Eq. 1 has proven difficult, in part due to
challenges in measuring all of the relevant materials properties
to sufficiently high precision, and in part due to the complica-
tions introduced by convection in most terrestrial experiments.
Moreover, in both microgravity [27, 28] and terrestrial exper-
iments [25, 16], as well as in phase-field numerical simula-
tions [29, 30], the value for σ∗ is not constant, but decreases
with increasing undercooling or supersaturation over reason-
able ranges of experimental interest. Nevertheless, it still pro-
vides a useful dimensionless parameter that at least approxi-
mately characterizes the operating state of a dendrite.
2.1. Tip Shape
The typical scale for dendritic structures is set by the radius
of curvature ρ at the tip. Close to the tip, the shape is approx-
imately parabolic, but further back, it becomes systematically
wider in the plane of the sidebranches. For small four-fold
anisotropy, Amar and Brener [31] found that the lowest-order
correction to the parabolic shape in the plane containing the
sidebranches is
z
ρ
=
1
2
(
w
ρ
)2
− A4
(
w
ρ
)4
, (2)
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where z is the axis defined by the main dendrite stem, w is the
half-width of the dendrite, ρ is the radius of curvature at the tip,
and A4 is a small material-dependent parameter. The tip is at
the origin.
For the growth of ammonium chloride crystals at small su-
persaturation, Dougherty and Lahiri [15] found A4 = 0.004 ±
0.001. Melendez and Beckermann [25] found a similar shape
correction for succinonitrile-acetone alloys. In contrast, Bisang
and Bilgram [32] found that a power-law shape worked well
for xenon dendrites, while Lacombe, Koss, and Glicksman [28]
found that a hyperbolic shape worked well for pivalic acid den-
drites.
A typical crystal image, along with the fit to Eq. 2, is shown
in Fig. 1. Two sets of sidebranches are visible in the plane of
the image; two additional sets are growing perpendicular to the
plane along the main stem of the dendrite.
Figure 1: Ammonium chloride dendrite growing from supersaturated aqueous
solution. The image is 390 µm across. The tip radius is 3.1 µm and the growth
speed is 1.6 µm/s. The inner curve (green) is the best-fit parabola for the tip.
The fourth-order fit (Eq. 2) is on the far left in blue; the negative fourth-order
term causes the fit to deviate sharply from the tip before the sidebranches be-
come significant. In this image, the first sidebranches are visible approximately
31ρ behind the tip, and have an initial wavelength of approximately 4.6ρ.
2.2. Sidebranches
A short distance behind the tip, sidebranches emerge with
a characteristic wavelength λ that is typically about 3 ∼ 6ρ.
These sidebranches start out approximately uniform, but com-
pete in a complex nonlinear coarsening process [17, 10]. Larger
branches continue to grow, while shorter ones stop, or even be-
gin to dissolve back, eventually giving rise to structures with a
wide range of length scales.
There are several main approaches to theoretically model-
ing the origin of the sidebranches. One possibility is that the
tip growth itself is actually slightly oscillatory, and the emerg-
ing sidebranches reflect that underlying oscillation [33, 34, 35].
Another recent line of analysis by Glicksman [2, 36] considers
the importance of capillary-mediated interface perturbations in
driving deterministic branching. Such deterministic branching
was subsequently observed in phase field models at high under-
cooling by Mullis [37]. Another possibility is that sidebranches
are noise-driven, and their approximate periodicity is the result
of the selective amplification of that noise [38, 10, 39, 40, 22].
Directional solidification experiments with pivalic
acid/coumarin alloys have shown that directly applying a
pulsing laser to dendritic tips in directional solidification can
drive an oscillating tip and produce a sidebranch structure
with the corresponding wavelength [41]. For xenon, both
noise-driven and perturbation-induced sidebranches have been
observed [22]. Analogous results have also been obtained
in viscous fingering experiments [42]. These results show
that oscillating-tip solutions are possible, but leave open the
question of what happens as the amplitude of the applied
noise is reduced to zero. Within directional solidification,
sidebranches have been observed in bursts that are coherent
within a burst, but uncorrelated between bursts [43].
For non-axisymmetric needle crystal growth, Brener and
Temkin [39] predicted that the noise-induced sidebranch am-
plitude A(z) is given by a stretched exponential of the form
A(z) = ρS 0 exp
23
(
w¯3(z)
3σ∗zρ2
)1/2, (3)
where w¯(z) is the average width of the dendrite and S 0
is the dimensionless noise amplitude. For ammonium bro-
mide dendrites growing from supersaturated aqueous solution,
Gonzalez-Cinca et al. [44] give S 0 ∼ 6× 10−5 as a conservative
over-estimate of the noise value.
Power law behavior has also been reported for a number
of integral parameters of dendritic growth, including the side-
branch envelope, contour area, and volume [19, 45, 46, 32, 47,
22]. In contrast, the average width of both pivalic acid and am-
monium chloride dendrites was found to follow a simple power
law only over a limited range of z values [21].
For the sidebranch spacing, Brener and Temkin [39] pre-
dicted
λ(z)
ρ
= 2pi
(
3
5
)3/10 √
3σ∗
(
z
ρ
)1/5
. (4)
Beyond the initial development of the sidebranches, a num-
ber of approaches have been developed to model the interaction
and coarsening of sidebranches. Phase field models attempt to
incorporate the full physics of the three-dimensional problem
[48, 49]. The addition of noise to phase field simulations has
also been shown to produce sidebranching structures similar
to those observed in experiments [50, 51, 52], though it con-
tinues to prove challenging to perform the calculations in the
small undercooling and small anisotropy range appropriate for
ammonium chloride solution growth [53, 54]. A variety of nu-
merical models and approaches are reviewed in Jaafar et al. [3].
3. Materials and Methods
The experiments were performed with a solution of ammo-
nium chloride (Fisher Scientific, 99.99%) in water (Fisher Sci-
entific, HPLC grade, filtered through a 0.1 µm filter). The con-
centration was approximately 36% NH4Cl by weight, for a sat-
uration temperature of approximately 66.7 ◦C. The solution was
placed in a 40×10×2 mm3 glass spectrophotometer cell sealed
with a Teflon stopper held in place by epoxy. The cell was
mounted in a temperature-controlled copper block, surrounded
by a temperature-controlled outer aluminum block, and placed
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on an insulated microscope stage. The entire apparatus was en-
closed in a temperature-controlled insulated plexiglas box. The
rms temperature fluctuations of the copper block were approx-
imately 2 × 10−4 ◦C. Additional details of the experimental ap-
paratus and protocol are given in Ref. [55].
The solution was heated to dissolve all the solids, stirred
to eliminate concentration gradients, and then cooled. Upon
cooling, many crystals would nucleate. The system was then
warmed until only one seed remained. That seed was held
in equilibrium and then cooled at a rate of −6.0 × 10−4 ◦C/s
to allow a single dendrite to develop and grow. Once that
crystal reached a steady state, the cooling rate was increased
to −1.6 × 10−3 ◦C/s. Because the finite cell became depleted
as the crystal grew, it was necessary to continually lower the
temperature to maintain growth throughout the 10 000 s run.
Even at the given cooling rate, however, the crystal did slow
significantly; overall the tip velocity varied from 7.2 µm/s to
0.8 µm/s.
3.1. Imaging
Images were obtained at 1-second intervals from a charged
coupled device (CCD) camera attached to the microscope and
acquired directly into the computer via a Data Translation
DT3155 frame grabber with a resolution of 640 × 480 pixels.
The resolution of the images was 0.628 ± 0.010 µm/pixel. A
typical crystal image, with ρ = 3.1 µm and v = 1.6 µm/s, is
shown above in Fig. 1.
The interface position was determined by an iterative pro-
cess, described in detail in Ref. [15]. Briefly, the image inten-
sity was scanned on lines roughly perpendicular to the interface.
Over the range of about 4 pixels, the intensity dropped rapidly
from the outside to the inside of the crystal. In that transition
region, a straight line was fit to the intensity function, and the
border was interpolated as the position where that fit intensity
equaled the average of the intensity just outside and just inside
the crystal. Those border points were used to make initial es-
timates of the tip position, orientation, ρ and A4. Those initial
estimates were then used to run a new set of image scans per-
pendicular to the interface, and the process was iterated until it
converged. A final set of scans was run along the full length of
the dendrite to measure the dendrite width w(z).
To fit to Eq. 2, only data with z ≤ zmax = 6ρwas used. As was
shown in Ref. [15], this is a compromise value. Although Eq. 2
applies close to the tip, the small and highly-curved tip is the
most difficult part to image accurately, so fits with a small zmax
tend to be less robust. On the other hand, fits with larger zmax
may start to include early sidebranches, and also enter a regime
where Eq. 2 is no longer appropriate. (See also Ref. [25] for a
similar discussion for succinonitrile-acetone alloys.)
4. Results
The width of the early sidebranch region of the crystal from
Fig. 1 is shown in Fig. 2, along with the measured average shape
w¯(z) for all crystals grown under similar conditions. All dis-
tances have been scaled by the tip radius ρ.
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Figure 2: Width of a portion of the crystal in Fig. 1 as a function of distance
back from the tip. All distances are scaled by the tip radius ρ, and only the
first few sidebranches are shown. The solid line is the measured scaled width
averaged over all crystals grown under similar conditions.
4.1. Tip Radius and Velocity
As the cell became depleted over the course of the run, the tip
velocity gradually changed from 7.2 µm/s to 0.8 µm/s, while
the tip radius varied from 1.5 µm to 4.0 µm. The value of the
combination Dd0 for this material was previously reported [55]
to be Dd0 = 0.78 ± 0.07 µm3/s. The resulting values for σ∗ in
Eq. 1 are shown in Fig. 3. For this work for Eqs. 3 and 4, we
used the average value σ∗ = 0.10 ± 0.02.
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Figure 3: Variation of the parameter σ∗ with growth speed. The error bars
indicate one standard deviation. There is a small downward trend with velocity.
4.2. Sidebranches
In Fig. 2, the first sidebranches are visible starting around
z ≈ 31ρ, and the initial spacing is λ = 4.6ρ. Beyond z ∼ 50ρ,
significant competition between sidebranches clearly affects
their growth.
We first measured the envelope of active sidebranches, as in
Refs. [22] and [25]. A sidebranch was considered “active” if it
was larger than all other sidebranches on the same side closer
to the tip. A sidebranch also had to be at least a distance ρ
away from the previous branch in order to be considered a new
branch.
The average sidebranch wavelength λ was estimated by per-
forming a linear fit to the position of adjacent sidebranches vs.
sidebranch number. The results are shown in Fig. 4. There was
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considerable variation in spacing from image to image, but the
overall mean value was λ = (5.05 ± 0.01)ρ, where the uncer-
tainty is the standard deviation of the mean.
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Figure 4: Mean sidebranch wavelength as a function of growth speed. Error
bars indicate one standard deviation. There is a very slight downward trend
with velocity, but the typical variations at any speed are larger than the overall
trend.
We also estimated the distance zsbr to the first detectable side-
branch. Since the identification of the first branch tended to
be significantly affected by noise, the following procedure was
adopted: The position and amplitude of the first 4 branches
were found and fit to a straight line. The amplitude was found
by measuring the deviation of the width w(z) from the mea-
sured average shape w¯(z). The distance zsbr was taken to be the
distance at which the fit sidebranch amplitude would equal an
arbitrary threshold of 0.25ρ. For the crystal in Fig. 2, this gives
zsbr = 32.8, but there was considerable variation throughout the
run. Results for all crystals are shown in Fig. 5. Overall, the
average distance was zsbr = (35.8±0.1)ρ, where the uncertainty
is one standard deviation of the mean.
Using this value for z in Eq. 4, we would expect λ(zsbr) =
(6.1±0.3)ρ, somewhat larger than the measured value of 5.05±
0.01. Conversely, constraining λ to the measured value in Eq. 4
would require zsbr ∼ 14ρ. (Since Eq. 4 depends only weakly on
z, the dominant uncertainty is that in σ∗.)
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Figure 5: Position of first sidebranch as a function of growth speed. Error bars
indicate one standard deviation. There is a slight downward trend with velocity,
although the typical variations at any speed are comparable to the overall trend.
Finally, we considered the amplitude of early sidebranches,
and compared with the theoretical noise prediction from Eq. 3.
Since most of the sidebranch parameters vary only slowly with
growth speed, we scaled all crystals by the appropriate tip ra-
dius ρ for comparison with Eq. 3. To get a reasonable fit, it
proved necessary to modify the equation to include an addi-
tional dimensionless term s in the exponential factor:
A(z) = S 0 exp
s23
(
w¯3(z)
3σ∗z
)1/2, (5)
where all distances have been scaled by ρ.
For w¯(z), we considered several models, including a parabola
with higher-order corrections, a power law, and a hyperboloid,
but none fit the data sufficiently well over the range of interest.
Instead, we used the actual measured average shape. To esti-
mate A(z), we computed the root mean square (rms) deviations
of the measured shape around w¯(z). The results are shown in
Fig. 6. The best-fit parameters are S 0 = (1.1 ± 0.2) × 10−6 and
s = 1.72 ± 0.03. The value for S 0 is less than the conservative
over-estimate of S 0 ∼ 6 × 10−5 given by by Gonzalez-Cinca et
al. [44], but the fit did require the inclusion of the extra factor
s.
The fit is only applicable over a rather narrow range of z val-
ues. At small distances, z . 20ρ, the measurements are domi-
nated by noise, while at larger distances, z & 40ρ, competition
among sidebranches slows down the growth.
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Figure 6: Semi-log plot of the measured sidebranch amplitude as a function of
distance from the tip, along with the best fit to Eq. 5. Beyond about z = 40ρ,
competition among the sidebranches becomes more important and Eq. 5 no
longer applies.
As an additional check, we extended Eq. 5 to include an os-
cillatory term so that it could be applied to individual images,
such as Fig. 2:
w(z) = w¯(z) + A(z) sin
(
2pi
λ
+ φ
)
, (6)
where λ is the wavelength for that particular image and φ is
the phase. The best fit, with λ = 4.6, is shown in Fig. 7. The
results from these individual fits were consistent with the global
average fit above.
5. Discussion
We have considered the early stages of sidebranching in the
growth of ammonium chloride dendrites from supersaturated
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Figure 7: Width of the crystal from Fig. 2 along with a fit to Eq. 6. At larger
distances, as in Fig. 6, the sidebranches enter a nonlinear competitive regime
where the fit is not applicable.
aqueous solution. The overall features vary only slightly with
growth speed, and are roughly consistent with what would be
expected if the sidebranches are primarily due to the selective
amplification of noise. The measured wavelength λ is slightly
smaller than the predicted value from Eq. 4.
A stretched exponential of the form of Eq. 5 does provide
a reasonable fit to the sidebranch amplitude data. The noise
amplitude S 0 is consistent with that estimated for intrinsic noise
[44], but a satisfactory fit required an additional factor s in the
exponential.
It is also important to recognize that the range of applicability
of Eq. 5 is quite limited, so the fitted function is not particularly
well-constrained. At small z, there are two main issues. First,
emerging sidebranches are potentially masked by measurement
noise. Second, measurements of the tip itself (and hence all dis-
tances scaled by ρ) are also potentially contaminated by early
sidebranches. These effects are particularly problematic near
the tip because the concentration gradients and corresponding
optical distortions are largest there. Measurements of the very
early sidebranches and tip shape are thus inextricably inter-
twined. At larger z, the increasing nonlinear competition among
sidebranches leads to changes in the expected scaling behav-
ior. At even larger z, it is no longer possible to characterize
the structure by a single-valued width function w(z). These
constraints make it much more challenging to identify whether
there are simple underlying scaling laws that govern the origin
and initial growth of sidebranches.
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